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Abstract 
Arriola, E.R., A. Zarzo and J.S. Dehesa, Spectral properties of the biconfluent Heun differential equation, 
Journal of Computational and Applied Mathematics 37 (1991) 161-169. 
The spectrum of zeros of the polynomial solutions of the biconfluent Heun differential equation is investigated 
by two different methods. First, the spectral Newton sums (i.e., the sums of the r th powers of the zeros) are 
given in a rigorous and recurrent way. Second, the density of zeros (i.e., the number of zeros per unit interval) is 
calculated in an explicit way within the so-called semiclassical or BKW approximation; this is done by using a 
general theorem which applies to a linear second-order differential equation under certain conditions. Applica- 
tions to the radial Schrijdinger equations associated to some quantum mechanical systems (rotating harmonic 
oscillator, confinement potentials) as well as to the Bessel differential equation are also shown. 
Keywords: Differential equations, zeros, special functions. 
1. Introduction 
The Biconfluent Heun (BCH) differential equation is a Heun equation of type [OJJ,] 
according to the Ince classification [21]; then, it has a regular singularity at the origin and an 
irregular singularity at the infinity of fourth type. It has received much attention in mathematics 
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[4,12,13,18,19,21,25,28,29,32] and physics [5,20,23,24,29]. In particular, from a quantum mechani- 
cal point of view, the BCH equation has been used in the construction of new classes of solvable 
potentials [5,20,24] and in the investigation of the polynomial nature of the solutions of the 
Schriidinger equation corresponding to various physical systems [23]. 
The canonical form of the BCH [12,13,25] is 
where (Y, 
the BCH 
with 
xu”+(1+CY-/3x-2X2)U’+{(y-x-2)X-f[~+~(1+(Y)1}U=0, 
/?, y and S are arbitrary parameters. By means of the transformation 
U(X) =x -(i+u)P ,U3x+x’)/2,(,) 
equation takes on the following Schrodinger form [12,13]: 
AXZ+Bx+C+;+$ u(x)=o, 
i 
(I) 
(2) 
A= -1, B= -/3, c=y-+p2, D= -:S, E=i(l-a2). 
The polynomial solutions of this equation have been analysed by several authors [18,19,28,32]. It 
is known [12,13] that the Heun polynomials (i.e., the polynomial solutions of the BCH equation) 
of degree n occur provided that 
y-2-a=2n, n=O,l,2 ,..., and A,+l=O, (3) 
where Anfl is a polynomial of degree n + 1 in 8 = :[ S + p(1 + a)] defined by the recurrent 
relation 
A m+2 -A,+,{(m+l)P+:[6+P(l+a)l} 
+A,(y-2-a-2m)(m+l)(m+l-LY)=O, m>,l, (4) 
A,=l, A;=:[6+/I(l+a)]. 
The roots of A,+1 are the eigenvalues corresponding to these particular Heun solutions. 
It is worth remarking that the quantum states of various physical systems (e.g., rotating 
harmonic oscillator [23,25], the three-dimensional oscillator [14,15,23], the doubly-anharmonic 
oscillator and some confinement potentials [10,11,23]) have wavefunctions which reduce to Heun 
polynomials once one has separated out the good physical behaviour at the singular points. 
Then, it is clear that the zeros of these polynomials characterize the nodes (vanishing points) of 
physical wavefunctions. Moreover, the knowledge of the distribution of zeros of these polynomi- 
als allows to determine some fundamental quantities of the above-mentioned physical systems, 
e.g., the kinetic energy [2]. Thus, the properties of the zeros of Heun polynomials are not only of 
mathematical interest, but also of a great physical relevance. However, it is striking that up to 
now the only spectral work about these polynomials is that of Rovder [28], who gives the total 
number of zeros of an n th-degree Heun polynomial in both negative and positive parts of the 
real axis. 
In this paper we will consider the distribution density of zeros (i.e., the number of zeros per 
unit interval) of the n th-degree Heun polynomials defined by 
d-4 = + yi 8(x - XiJ, 
i=l 
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where x, II, i = 1, 2,. . . , n, are the roots of the polynomial. This quantity will be studied in two 
different’ways. In Section 2 we will find the exact values of the Newton sum rules of zeros (i.e., 
sums of the r th powers of zeros) (n) Y, of the nth-degree Heun polynomial by means of a 
recurrence relation. These sums are, apart from a factor n, the moments around the origin of the 
density p(x). In Section 3 we calculate the explicit expression of the density of zeros in the 
semiclassical or BKW approximation [16]. Both results are given in terms of the four parameters 
(Y, p, y and S, which f u 11 y characterize the biconfluent Heun equation. 
To obtain the semiclassical density of zeros p,(x), we first show a theorem which allows to 
find the density of zeros of the solutions of a general linear, second-order differential equation in 
a semiclassical framework. Section 4 contains some applications of the previous results to various 
quantum systems (rotating harmonic oscillator, confinement potentials) whose radial Schriidin- 
ger equation has a BCH form, as well as to the spherical Bessel function whose differential 
equation may be also reduced to a BCH type. In particular the Rayleigh sums (i.e., the reciprocal 
power sums of the squares of the zeros) of the spherical Bessel functions of larger order are given 
in a closed formula [3], which nicely complements the work of numerous authors [1,7,31], 
specially of Grosjean [17], on this long standing problem [9,33]. 
2. Newton sum rules of zeros 
The Newton sums Y(“‘, Y = 0, 1, 2,. . . , of a polynomial P,(x) are [27] the r th-power sum 
symmetric functions, that is the sum of the Y th powers of the zeros of the polynomial. Then, 
r,= y,(“) = 5 (Xi,.)‘. 
I=1 
These quantities multiplied by n-l give us the moments around the origin of the density of zeros 
p(x) of the polynomial P,,(x). Of course, Y0 = n. Here we will show that for a Heun polynomial 
of degree n, 
Y, = -:(0+/3n), 
and 
Y*=t[n(n+a)+:p(e+pn)], 
Y,= -i{(2n + cr-l)e+[n(n+a+2)+a-l]p+:ep*++np3} 
r-l 
2Y,+2 =(2n+a-r)Y,-BY,+,+ c y,_,y,, r>2. (5) 
t=1 
To find these values we use a procedure recently proposed in [6,8]. For second-order linear 
differential equations this procedure is as follows. Let us consider the polynomial P,(x) 
satisfying the equation 
g*(x)p,I’(x) + &(X)Pn’(X) + g,(x)pM = 0, 
where g,(x), i = 1, 2, 3, are polynomials of degree ci defined by 
(6) 
gi (x) = i aj’)x’, i = 0, 1, 2, (7) 
j=O 
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with constant coefficients a .’ j”. Assuming that the zeros of P,(X) are simple, then the following 
recursion relation is fulfilled: 
r+cz-3 Cl 
2 c am+3-r m+2 = 
(2) J 
- C a(l)Yr+j_,, (8) 
ml= -1 j=O 
for r = 1, 2,. . . , and where the J-quantities are 
0, if k=O, 
Jk = c x, nxT’;, 
$l(n - l), if k=l, 
I, 21, 1’ 2. 
” = 
(n - l)y,, if k=2, 
(n - ik)Y,_, + :C~I~Y,_,_,I:, if k > 2. 
(9) 
The comparison between (1) and (6), (7) gives c2 = 1, ci = 2, c0 = 1 and 
@’ = 1, ah2) = 0 7 
a:‘)= -2 al (1) = -p 7 ah’) = 1+ a. 
For these values, the basic relation (8) reduces as 
-2J,=(l+a)y,_,-py,-2y,+,, r=1,2 )... . 
This relation together with the J-values given by (9) produces the searched values (5) for the 
Newton sum rules of zeros of the Heun polynomials. 
3. The semiclassical density of zeros 
From the Newton sums Y, evaluated in the previous section one may obtain the density of 
zeros p(x) of a Heun polynomial of n th degree, provided one can solve the corresponding 
moment problem [30]. However, this is too complicated since the moments Y/n are lengthy 
expressions of the four Heun parameters and, even more, they are given in a recurrent way. Then 
it would be desirable to have an alternative method to find the analytical function p(x), even in 
an approximate way. 
Here we will use the so-called semiclassical or BKW method [16] to show that the density of 
zeros of any solution of the BCH equation (1) or (2) is 
4(x) ’ 0, (10) 
with 
q(X)=-$(-X4-pX3+~(4Y-_P~)X2-~~x+~(l-a2)). 
If the solution is an nth-degree polynomial, one has to take into account the restrictions (3). 
In fact, this result is a particular case of the following theorem. 
Theorem. The semiclassical density of zeros of a solution of the linear and homogeneous econd-order 
differential equation 
aO(x)u”+ a,(x)u’+ a2(x)u = 0 (11) 
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is given by 
p,(x) = ; [s(x)y2, 
in every interval where S(x) > 0. The function S(x) is 
02) 
Proof. To prove this theorem we start by writing (11) in Schrijdinger or normal form: 
w” + s(x)w(x) = 0, 
by means of the transformation 
(14) 
u(x) = w(x) exp al(x) - i_/“m dx) . (15) 
Remark that this transformation leaves the density of zeros invariant. Assuming that S(x) > 0, 
one may apply the semiclassical method [16]. According to it, we make the changes of variables 
x -+ $ = /x[S(x’)]“2 dx’, 
w(x) + jJ;x, = [s(x)]“4w(x), 
which convert (14) into 
(16) 
where 
1 s”(X) EC -- 5 P’(412 
4 [s(x)12 + is [s(x)13 . 
(17) 
(18) 
For E < 1, the solution of (17) is 
p(+) - C, cos $I + C, sin + = C sin(+ + K). 
Then, because of (16) one has 
4-d - [s(x;l’,4 sin f(x), 
where the phase f is 
f(x) = K+ /“[S(x’)]“’ dx’. 
a 
Then the zeros of w(x) denoted in increasing order x1 < x2 < - - - , fulfil f ( xk) = k~, k = 
1) 2, 3, . . . . The cumulative number of. zeros N(x), i.e., the number of zeros up to x, is ~-‘f (x), 
so that the density of zeros p,(x) will be 
p,(x) = lim 
N(x + Ax) -N(x) dN(x) 
Ax+0 Ax = ~ = &( if(x)) = $[s(x)]‘/‘, dx 
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and the theorem is proved. The cases where S(X) < 0 are of no interest since there is at most one 
zero in the involved interval. 0 
The application of this theorem to the BCH equation (1) leads to the searched semiclassical 
result (10) in a straightforward manner. 
4. Applications 
There are many well-known differential equations (e.g., the Bessel one) which are particular 
instances of the BCH equation. Moreover, there exist numerous quantum mechanical systems 
whose radial Schriidinger equation may be reduced to a BCH form [23]. 
Here we will apply the results of the previous two sections to two quantum systems, namely to 
the rotating harmonic oscillator and a class of confinement potentials, and to the spherical Bessel 
functions. 
4.1. The rotating harmonic oscillator 
Its radial Schrodinger equation is [23,26] 
w(r) = 0, 
where 0 G r < 00, A, is the eigenvalue, I, is the rotational quantum number and (Y, is a 
coupling parameter. 
The canonical form of the corresponding BCH equation is (1) with the following values of the 
parameters [23]: 
l/2 
a=21,+1, a=--$ ) 
i i 
y=2x,+1, 6=0, 
m 
(19) 
for the variable 
x=f=_. (20) 
4. I. I. Newton sums 
Taking into account the results of Section 2 and bearing in mind that the Newton sums of 
m th order in the variable r differ [22, p.681 from those in the variable x in a factor (2a,)l12 due 
to the linear transformation (20), one finds that the exact values of the Newton sum rules of the 
nodes of the wavefunctions (with a polynomial-like radial form) of the rotating harmonic 
oscillator are given by the following recursion relation: 
r,=&, Yz=%[~(L+L)+:L], 
%= /& [ X,(A, - 1) + $z(h, + I,) + & , m I 
Y 4: c2 
s-l 
s+2 = - 
[ 
n + 21, + 1 - s)Y, + 2Y,+i + c Y,_,r, , 
m r=1 1 
where (19) has been used. 
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4.1.2. Semiclassical density of nodes 
Inserting the values (19) into (10) one obtains the semiclassical density of zeros of the 
solutions of the Heun equation (1) and (19) for the rotating harmonic oscillator as 
A,++ (r-1)2 _ 1,(1,+1) ) I 
l/2 
4a; r2 
a<r<b, 
where a and b are the turning points of the potential. To have the semiclassical density of nodes 
of the corresponding wavefunctions one has to take care of the linear relation (20). 
4.2. Confinement potentials 
Let us consider the class of potentials defined by [10,11,23] 
V(r)= -$+br+cr2, c>O. 
The radial Schrodinger equation is 
W”(r) + Et;-br-cr2)- 
1(1+ 1) r2 1 W(Y) = 0, 
with E being the energy. The canonical form of the corresponding BCH equation is (1) with the 
parameters 
cr=2(1+1)a’,/2-1, p = 2&a,‘/2, 
y=Z+2(1+1)(&2-l), 6 = 2a,‘12[ -a + 2PF(l + l)(l - ay2)], (21) 
in the variable 
x = fflF/2r, 
where 
a F= l/2, PF= ( &q’2-$, 2P cF=/3;+ -E. h2 
(22) 
(23) 
4.2.1. Newton sums 
Following the same reasoning pointed out in the previous case, one finds that the exact 
Newton sum rules of the nodes of the wavefunction of a particle subject to the above-mentioned 
confinement potentials may be obtained by the following recurrent relation: 
I5=$ 
y = n[n+2(l+l)ar1,/2-1] & 
2 
-- 
2a, 
2 ?, 
ffF 
y= n+(l+l)@-l+ p; _ & 
3 
[ 4 
5/2 7--n[n+2(1+1)~~:/~-1], 
(YF I F 
r-l 
Y = &YF 
i 
2PF 
r+2 [2n+2(1+l)012/2-1-r]Y,-~Y,+l+ C Y,_,x , 
t=1 i 
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where we have taken care of (3), i.e., 
(F 
--21-3=2n, n=O,l,2 ,..., 
ffF 
with the values (21), (23) and 
7 = &2 - /?,(r+ n + 1). 
4.2.2. Semiclassical density of nodes 
The equations (lo), (21) and (23) produce in a straightforward manner the expression 
p,(x)=; E+q-br-cr2 l - $(r+ 1) i 
l/2 
) r, < r < r, , 
for the semiclassical density of zeros of the solutions of the Heun equation (1) and (21) of the 
above-mentioned confinement potentials. To find the semiclassical density of nodes of the 
single-particle wavefunctions from this expression, one has to take care of the linear transforma- 
tion (22). 
4.3. Spherical Bessel functions: j,(x) 
The application of the semiclassical approximation to the well-known Bessel 
differential equation following the lines of the Theorem in Section 3, as already 
produces the expression 
for the density of the squares of 
From this expression one can 
sum rules [9,33] defined by 
otherwise, 
second-order 
shown in [3], 
the zeros of the Bessel function j,(x) with large values of L. 
easily obtain a closed formula for Rayleigh’s famous spectral 
u,(L) = f (xL,i)-2r. 
Indeed, the semiclassical values of the u-sums turn out to be 
u,‘“‘(L) = 
J 
O”x2rp~( x2) dx* = 
l-2rr(r - +) 
r(r+ 1) ’ 
for r = 1, 2,. . . , where r(z) is the well-known gamma function. A similar closed expression of 
the Rayleigh sums u,(L) for any value of L is still missing in spite of the efforts of numerous 
researchers [1,3,7-9,17,31,33], who are able to calculate only the first few sums. 
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